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N-TORSION POINTS ON THETA DIVISORS AND SEMIHOMOGENEOUS
VECTOR BUNDLES
GIUSEPPE PARESCHI
Abstract. We generalize to n-torsion a result of Kempf’s describing 2-torsion points lying on a
theta divisor. This is accomplished by means of certain semihomogeneous vector bundles introduced
and studied by Mukai and Oprea. As an application, we prove a sharp upper bound for the number
of n-torsion points on a theta divisor, and show that this is achieved only in the case of products
of elliptic curves, settling in the affirmative a conjecture of Auffarth, Pirola and Salvati Manni.
1. Introduction
Let (A, θ) be a g-dimensional principally polarized abelian variety, over an algebraically closed
field k of characteristic zero. This paper is concerned with the set of n-torsion points lying on the
theta divisors, where n is any fixed integer ≥ 2.
We choose once for all a symmetric divisor Θ representing the polarization. For x ∈ A we
denote tx : A → A the translation by x, and Θx the effective divisor corresponding to the line
bundle t∗xOA(Θ) (i.e. Θx = Θ− x) We set
Θx(n) := #A[n] ∩Θx,
where A[n] is the group of all n-torsion points of A.
A result of Kempf ([7, Theorem 3]) asserts that, for x, y ∈ A the corank of the multiplication
map of global sections
(1.1) H0(A, t∗xOA(2Θ))⊗H
0(A, t∗yOA(2Θ)) −→ H
0(A, t∗xOA(2Θ)⊗ t
∗
yOA(2Θ))
coincides with the number Θx−y(2) (we refer to [17, §2] for the translation into the present setting
of Kempf’s statement, which contains a slight mistake). Our first result is an extension of Kempf’s
theorem to n-torsion points, for arbitrary n. This is achieved using certain semihomogeneous vector
bundles, denoted Wa,b, introduced and systematically studied by Oprea in [13] (as a consequence
of Mukai’s theory of semihomogeneous vector bundles, [11]). When a and b are coprime positive
integers, the Wa,b’s are defined as simple, semihomogeneous and symmetric vector bundles such
that
(1.2) rkWa,b = a
g detWa,b = OA(Θ)
ag−1b.
If a is odd there is a unique such vector bundle, while if a is even they are not unique when g ≥ 2.
We refer to the next section for generalities on such vector bundles. Our generalization of Kempf’s
theorem (which is recovered for a = b = 1) is the following
The author was partially supported by the MIUR Excellence Department Project awarded to the Department of
Mathematics, University of Rome Tor Vergata, CUP E83C18000100006”.
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Theorem A. Let a and b be coprime positive integers. Let Wa,a+b and Wb,a+b be two vector
bundles as above. For x, y ∈ A the number Θx−y(a+ b) is equal to the corank of the multiplication
map of global sections
(1.3) ma,b(x, y) : H
0(A, t∗xWa,a+b)⊗H
0(A, t∗yWb,a+b) −→ H
0(A, t∗xWa,a+b ⊗ t
∗
yWb,a+b)
(As it is easy to check the source and target of the above map have the same dimension,
namely (a+ b)2g.) Note that if a or b are even, say a, the above map ma,b depends on a choice of a
vector bundle Wa,a+b, but we will neglect this in the notation. A special role will be played by the
particular case
(1.4) m1,n−1(x, y) : H
0(A, t∗xOA(nΘ))⊗H
0(A, t∗yWn−1,n) −→ H
0(A, t∗xOA(nΘ)⊗ t
∗
yWn−1,n).
obtained for a = 1 and n := a+ b.
In view of Theorem A, it is useful to consider criteria for the surjectivity of the multiplication
of global sections of semihomogeneous vector bundles, in analogy with the classical theorems con-
cerning multiplication of global sections of line bundles (Mumford, Koizumi, Kempf and others, see
e.g. [4, §7.2] [6, §6.2] , [5, §8]). In fact an optimal result in this direction was already proved years
ago by Popa and the author ([16, Theorem 7.30]). We restate it more expressively as Theorem 4.1
below. In turn this is an ingredient of the proof of the following lower bound for the rank of the
multiplication maps appearing in Theorem A
Theorem B. In the notation of Theorem A, rk (ma,b(x, y)) ≥ ((a+ b)
2 − 1)g for all x, y ∈ A .
The last result of this note, in fact our original motivation, is the proof of the following
conjecture of Auffarth, Pirola and Salvati Manni on the maximal number of n-torsion points on a
theta divisor ([2]). The case n = 2, which was conjectured earlier by Marcucci and Pirola ([9]), was
proved by Salvati Manni and the author in [17].
Theorem C. For all x ∈ A
Θx(n) ≤ n
2g − (n2 − 1)g.
Moreover equality holds if and only if A is a product of elliptic curves and OA(Θx) = ⊠iOEi(zi)
where zi are n-torsion points.
Note that the upper bound of the statement is just the combination of Theorems A and
Theorem B. The remaining part is proved in Section 5 (dealing with the 2-dimensional case) and
Section 6. Although for sake of simplicity we have assumed that the characteristic of the ground
field is zero, this last result is valid (with the same proof) also in prime characteristic not dividing
n− 1 and n.
It would be interesting to have effective results along these lines for irreducible principal po-
larizations. To this purpose it should be kept in mind that, thanks to a recent result of Auffarth and
Codogni ([1]), there are irreducible theta divisors containing abelian subvarieties even of dimension
g−2, hence containing at least n2(g−2) n-torsion points for all n. On the other hand, by Raynaud’s
theorem on the Manin-Mumford conjecture, the overall number of torsion points contained in a
theta divisor is finite unless it contains translates of positive-dimensional abelian subvarieties by
torsion points.
Acklowledgements. The author thanks Dragos Oprea for pointing out a gap in an earlier draft
of this paper, Mihnea Popa for many conversations about semihomogeneous vector bundles a long
time ago, and Riccardo Salvati Manni for his encouragement and many discussions and suggestions.
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2. Preliminaries on the vector bundles Wa,b
Here we recall some basic facts about the vector bundles Wa,b introduced by Oprea in [13].
Let (A, θ) be a g-dimensional p.p.a.v. and let Θ be a fixed symmetric theta divisor. For a pair of
coprime positive integers a and b we consider simple semihomogeneous vector bundles W such that
(2.1) rkW = ag detW = OA(Θ)
ag−1b
Vector bundles with the above properties do exist and they are unique up to tensorization with an
ag-torsion line bundle ([10, Theorem 7.11 and Remark 7.13]). Denoting aA : A → A the isogeny
x 7→ ax, we have that
(2.2) a∗AW
∼=
(
OA(Θ)
ab
)⊕ag
(see [13, 2.3.1]). Moreover such W’s are IT(0) (index theorem with index 0) locally free sheaves,
meaning that hi(Wa,b ⊗ α) = 0 for all i > 0 and α ∈ Â (we denote Â = Pic
0A the dual abelian
variety). Recalling that the degree of the isogeny a is a2g, we have that
(2.3) h0(A,Wa,b) = χ(Wa,b) = a
g
( b
a
)g
= bg
Another useful fact about the the vector bundles satisfying the above condition (2.1) is that they
are globally generated as soon as b > a. This follows from the criterion asserting that a vector
bundle E on A is globally generated as soon as E(−Θ) is IT(0) ([14, Theorem 2.1]). Indeed (2.2)
yields that Wa,b(−Θ) is IT(0) if and only if b > a.
For odd a, imposing the supplementary condition that Wa,b is symmetric, i.e. (−1)
∗
AW
∼= W,
it turns out that there is a unique such vector bundle up to isomorphism ([13, §2.1]). It is denoted
Wa,b. Also for even a such symmetric vector bundles do exist (for example the dual of the Fourier-
Mukai transform of the vector bundle Wb,a) but they are not unique for g ≥ 2. For even a Oprea
defines a unique such vector bundle Wa,b by means of the Scro¨dinger representation ([13, §2.1 and
(16)]). However this is not important for our purposes, since we will consider any simple symmetric
semihomogeneous vector bundles W satisfying (2.1). We denote Wa,b the set of all isomorphism
classes of such vector bundles and a vector bundle W ∈ Wa,b will be usually denoted Wa,b.
1
We consider the subgroup
Σ(Wa,b) = {α ∈ Â |Wa,b ⊗ α ∼= Wa,b}
We have that, independently on the parity of a,
(2.4) Σ(Wa,b) = Â[a]
(a-torsion line bundles, see [10, Corollary 7.2]).
Given Wa,b ∈ Wa,b, the other vector bundles, say W
′
a,b (possibly isomorphic to Wa,b) whose
isomorphism class lies in Wa,b are those of the form
W′a,b
∼= Wa,b ⊗ β
for β ∈ Â[ag] such that (−1)∗AWa,b ⊗ β
−1 ∼= Wa,b ⊗ β
−1 ∼= Wa,b ⊗ β. Therefore β
2 ∈ Â[a]. This,
together with the condition β ∈ Â[ag] implies that, if a is odd (or g = 1) then β ∈ Â[a] = Σ(Wa,b)
hence, as mentioned above, there is a unique such an isomorphism class ([13, §2.1]).
1Here our notation differs from the one of Oprea, as he denotes Wa,b the unique vector bundle in Wa,b defined by
the above mentioned [13, §2.1 and (16)] .
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In the proof of Theorem A the following (slight variant of a) result of Oprea will be in use.
For a and b coprime positive integers one considers the isogeny
µb,a : A×A→ A×A (z, t) 7→ (bz + at, z − t).
Proposition 2.1. (Oprea) Keeping the above notation and assumptions, given a pair of vector
bundles (Wa,a+b,Wb,a+b) ∈ Wa,a+b ×Wb,a+b there is a vector bundle Wab,1 ∈ Wab,1 such that
(2.5) µ∗b,a(Wab,1 ⊠OA(Θ))
∼= Wa,a+b ⊠Wb,a+b
Proof. Let a and b be coprime positive integers. For a and b both odd (or g = 1 and arbitrary a
and b, [3]) all vector bundles appearing in the statement are unique and the Proposition is exactly
Oprea’s [13, Proposition 1]. Next, we assume that g ≥ 2 and a and b still coprime, but one of them,
say a, is even. We fix a reference bundle Wab,1 ∈ Wab,1. Oprea’s argument still proves that the
determinant of µ∗b,a
(
Wab,1 ⊠OA(Θ)
)
is equal to the one of Wa,a+b ⊠Wb,a+b and that
(2.6) µ∗b,a(Wab,1 ⊠OA(Θ))
∼= (Wa,a+b ⊗ δ) ⊠ (Wb,a+b ⊗ γ)
for suitable (δ, γ) ∈ Â[ag]×Â[bg]. We claim that, moreover, both the vector bundles E := Wa,a+b⊗δ
and F := Wb,a+b ⊗ γ are symmetric. Indeed an immediate computation shows that (−1A, 1A) ◦
µb,a = (1A,−1A) ◦ µb,a ◦ (−1A,−1A). Since Wab,1 and OA(Θ) are both symmetric, it follows that
(−1A, 1A)
∗(E⊠F ) ∼= (1A,−1A)
∗(E⊠F ), proving what claimed. Since b is odd, Wb,a+b ∼=Wb,a+b⊗γ,
i.e. γ ∈ Â[b]. Moreover δ2 ∈ Σ(Wa,a+b) = Â[a].
For α ∈ Â we have that µ∗b,a(α⊠OA) = (α
b, αa). Therefore
µ∗b,a
(
(Wab,1 ⊗ α)⊠OA(Θ)
)
∼= (Wa,a+b ⊗ δ ⊗ α
b)⊠ (Wb,a+b ⊗ γ ⊗ α
a).
Taking any α such that αb = δ−1 we have that α2 ∈ Â[ab] (hence also α ∈ Â[(ab)g] as soon as
g > 1). Therefore Wab,1 ⊗ α ∈ Wab,1. By the same reason as above Wb,a+b ∼= Wb,a+b ⊗ γ ⊗ α
a.
Hence
µ∗b,a
(
(Wab,1 ⊗ α)⊠OA(Θ)
)
∼= Wa,a+b ⊠Wb,a+b.
3. Proof of Theorem A
We essentially follow Kempf’s argument, with some simplifications. Let (Wa,a+b,Wb,a+b) ∈
Wa,a+b ×Wb,a+b. To render the argument more transparent we first prove the result for (x, y) =
(0, 0).
The multiplication map ma,b(0, 0) is the map H
0(r∆), where r∆ is the restriction to the
diagonal
r∆ : Wa,a+b ⊠Wb,a+b →
(
Wa,a+b ⊠Wb,a+b
)
|∆
We apply Proposition 2.1, ensuring that
µ∗b,a
(
(Wab,1)⊠OA(Θ)
)
∼= Wa,a+b ⊠Wb,a+b
Moreover, since µ∗b,a(OA×{0}) = O∆, it follows that r∆ = µ
∗
b,a(ρ), where ρ is the restriction map
ρ : Wab,1 ⊠OA(Θ)→
(
Wab,1 ⊠OA(Θ)
)
|A×{0}
(By the way we note that, since the restricted map (µb,a)|∆ : ∆ → A × {0} is identified to the
isogeny (a+ b)A : A→ A, it follows that Wa,a+b ⊗Wb,a+b ∼= (a+ b)
∗
AWab,1).
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The kernel of the isogeny µb,a is ∆[a+ b] := {(z, z) | (a+ b)z = 0}. Since
r∆ = µ
∗
b,a(ρ)
the multiplication map mb,a(0, 0) = H
0(r∆) decomposes as⊕
α∈Â[a+b]
(
H0(A×A, (Wa,b⊗Pα)⊠(OA(Θ)⊗Pα))→ H
0(A×A, ((Wab,1⊗Pα)⊠(OA(Θ)⊗Pα))|A×{0}
)
Via the isomorphism induced by the principal polarization A→ Â, the above can be written as⊕
z∈A[a+b]
(
H0(A×A, t∗zWa,b ⊠ t
∗
zOA(Θ))
λz−→ H0(A×A, (t∗zWab,1 ⊠ t
∗
zOA(Θ))|A×{0})
)
Notice that, by (2.3), H0(Wab,1) = 1, so that the individual maps λz appearing above are maps
of 1-dimensional vector spaces. Hence the assertion of the theorem follows from the fact that the
scalar λz vanishes if and only if A× {0} ⊂ A×Θz.
In the general case the proof is similar. In the first place, applying t∗−x we can assume that
x = 0. Via translation on the second factor we identify the map ma,b(0, y) of the statement to the
map
(3.1) H0(A,Wa,a+b)⊗H
0(A,Wb,a+b) −→ H
0(A,Wa,a+b ⊗ t
∗
yWb,a+b).
This is the H0 of the restriction map
(3.2) r∆y : Wa,a+b ⊠Wb,a+b →
(
Wa,a+b ⊠Wb,a+b
)
|∆y
where ∆y = d
−1(y) (here d is the difference map A × A → A, (z, t) 7→ z − t). We have that
O∆y = µ
∗
b,a(OA×{y}). The rest of the proof is unchanged.
4. Multiplication of global sections of semihomogeneous vector bundles
A surjectivity criterion for multipication maps. We recall [16, Theorem 7.30], mentioned
in the Introduction. In the case of interest for this paper, namely semihomogeneous vector bundles
whose first Chern class is a power of a principal polarization, it can be stated as follows. Following
Mukai ([10]), for a vector bundle E on A we denote
(4.1) δE =
c1(E)
rk (E)
∈ NS(A)⊗Q
If c1(E) is a multiple of θ we denote also
δE = µEθ
Theorem 4.1. (Pareschi-Popa) Let E and F be semihomogeneous vector bundles on A such that
δE = µEθ and δF = µF θ. If
µF > 1 and µE >
µF
µF − 1
then the multiplication map of global sections
H0(A,E)⊗H0(A,F )→ H0(A,E ⊗ F )
is surjective.
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Note that for line bundles one recovers the classical fact that the multiplication map of a
second power and a third power of a line bundle representing θ is surjective.
Here we illustrate that Theorem 4.1 is just the restatement of [16, Theorem 7.30], asserting
that the multiplication map as in the statement is surjective as soon as both E(−Θ) and F (−Θ)
are IT(0) and
(4.2) δE(−Θ) + δΦ̂P (F (−Θ)) > 0
where Φ̂P : D(A) → D(Â) is the Fourier-Mukai transform associated to the Poincare´ bundle. We
show how to get the statement of Theorem 4.1 from this. In the first place we recall that, for a
semihomogeneous vector bundle G, the IT(0) condition is equivalent to δG > 0. This follows, for
example, from the fact that, denoting r := rkG,
(4.3) r∗AG
∼= (detG)r ⊗H
where H is a homogeneous vector bundle ([10, Lemma 6.11]) and, as usual, rA denotes also the
isogeny x 7→ rx. Using the fact that, given two vector bundles E and F ,
(4.4) δE⊗F = δE + δF and δE∨ = −δE ,
the condition that µF − 1 > 0 is equivalent to the fact that F (−Θ) is IT(0).
In turn, by base change this implies that the complex Φ̂P(F (−Θ)) is a sheaf in cohomological
degree 0, in fact a locally free sheaf. Next, we notice for a semihomogenous vector bundle G
satisfying IT(0), the vector bundle Φ̂P(G) is again semihomogeneous. This follows from the fact
that Φ̂P exchanges translation with tensorization with a line bundle in Â ([11, (3.1)]).
Finally we claim that if c1(G) is a multiple of the principal polarization on A then also
c1(Φ̂P(G)) is a multiple of the principal polarization on Â and the following beautiful formula
holds
(4.5) µΦ̂P(G) = −
1
µG
.
This translates the hypothesis (4.2) into the numerical condition
µE − 1−
1
µF − 1
> 0,
i.e. the second inequality in the hypothesis of Theorem 4.1.
Finally, we briefly indicate the proof of what claimed. This is certainly well known to the
experts but we couldn’t find an explicit reference. We recall that, for λ ∈ Q, r∗A(λθ) = r
2λθ.
Therefore from (4.3) it follows that ch(G) = rG exp(µGθ). Then a well known calculation using
GRR and the Fourier-Mukai transform at the level of Chow rings modulo numerical equivalence
(see e.g. the proof of [13, Lemma 2]) shows that ch(Φ̂P (G)) = −r(µG)
g exp(−µ−1G θ). Therefore
δΦ̂P (G)
= −µ−1G θ. This proves (4.5).
Proof of Theorem B. By Theorem A for fixed x, y ∈ A the maps ma,b(x, y) have the same rank
for all a, b (coprime) with a+b = n (and for all representatives (Wa,a+b,Wb,a+b) ∈ Wa,a+b×Wb,a+b).
Therefore it is enough to prove the statement for (a, b) = (n− 1, 1). As above, we can furthermore
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assume that x = 0. Let us fix y ∈ A. For general z ∈ A we consider the commutative diagram
(4.6)
H0(Wn−1,n)⊗H
0(t∗yOA(nΘ))⊗H
0(t∗zWn−1,n) //
mn−1,1(0,y)⊗ id

H0(Wn−1,n)⊗H
0(t∗yOA(nΘ)⊗ t
∗
zWn−1,n)

Vn(y)⊗H
0(t∗zWn−1,n) // H
0(Wn−1,n ⊗ t
∗
yOA(nΘ)⊗ t
∗
zWn−1,n)
where Vn(y) denotes the image of the map mn−1,1(0, y). By Theorem A the top horizontal map is
surjective for general z ∈ A. By Theorem 4.1 the right vertical map is surjective for all z ∈ A (here
we use that µWa,b =
b
a
and (4.4)). Therefore the bottom horizontal map is surjective for general
z ∈ A. Hence
dimVn(y) ≥
χ(W⊗2n−1,n ⊗OA(nΘ))
χ(Wn−1,n)
By (2.3)) we have that χ(Wn−1,n) = n
g. Using (2.2) one gets easily that χ(W⊗2n−1,n ⊗OA(nΘ)) =
(n− 1)gng(n+ 1)g. The result follows.
5. The case of smooth curves of genus 2
It is easy to check that the bound of Theorem C is attained by line bundles of the form
OA(Θx) = ⊠iOEi(zi) on products of elliptic curves Ei, where the zi’s are n-torsion points. Con-
versely, Theorem C asserts that this is the only case. To prove this, the main point consists in
showing that if the bound is attained then Θ must be reducible and therefore the p.p.a.v. (A, θ)
decomposes as a product of lower dimensional p.p.a.v’s. In this preliminary section we check this in
the 2-dimensional case. According to Theorem A, this is equivalent to show that in the irreducible
case the rank of the multiplication maps mn−1,n(0, y) is > (n
2 − 1)2 for all y. The case n = 2 is
shown in [17, §3] hence we assume that n ≥ 3.
As we are in dimension 2 and Θ is assumed to be irreducible, Θ is smooth curve of genus 2,
say C. We consider the commutative diagram
H0(Wn−1,n)⊗H
0(t∗yOA((n− 1)C))


//
sn(y)

H0(Wn−1,n)⊗H
0(t∗yOA(nC))
// //
mn−1,n(y)

H0(Wn−1,n)⊗H
0(KnCy))
rn(y)

H0(Wn−1,n ⊗ t
∗
yOA((n− 1)C))


// H0(Wn−1,n ⊗ t
∗
yOA(nC))
// // H0(Wn−1,n ⊗K
n
Cy
))
We consider separately the maps sn(y) and rn(y). The former is always injective. This is actually
true in any dimension and does not need the irreducibility. In fact, if the map sn(y) was not
injective for a given y ∈ A then, by multiplying its kernel with H0(OA(Θ) ⊗ Pα) for all α ∈ Â we
would get a non-zero kernel of the map
H0(Wn−1,n)⊗H
0(OA(nΘ)⊗ Pβ)→ H
0(Wn−1,n ⊗OA(nΘ)⊗ Pβ)
for all β ∈ Â, which is in contrast with Theorem A.
To get an estimate of the rank of the map rn(y) we make use of well known methods available
for smooth and irreducible curves, due to Green and Lazarsfeld ([8, §1])). We consider the bundle
8 G. PARESCHI
MKn
Cy
kernel of the evaluation map of global sections of the pluricanonical bundle KnCy . Then it is
easy to see that
(5.1) corank rn(y) ≤ H
1(MKn
Cy
⊗Wn−1,n)
In order to estimate the quantity on the right we use the exact sequence
(5.2) 0→ K−nCy (p1 + · · ·+ p2n−3)→MKnCy
→
2n−3⊕
i=1
OCy(−pi)→ 0
where the pi’s are sufficiently general points ([8, §1, Lemma 1.4.1]). A brief explanation for (5.2)
is as follows: the line bundle KnCy is base point free and h
0(KnCy) = 2n − 1. Therefore, for 2n − 3
general points pi the line bundle K
n
Cy
(−p1 − · · · − pn−3) is still base point free, and it is a pencil,
namely it has only two independent sections. Therefore its kernel bundle has rank one, hence it
must be the dual line bundle K−nCy (p1 + · · · + p2n−3). The way the two kernel bundles are related
is provided by (5.2).
Since the line bundleK−nCy (p1+· · ·+p2n−3) has degree equal to −3, it is equal toK
−1
Cy
⊗Pα(−p),
where (α, p) is general in Â×Cy. Therefore, tensoring (5.2) with Wn−1,n we get the following exact
(in the middle) complex
(5.3) H1(Wn−1,n ⊗K
−1
Cy
⊗ Pα(−p))→ H
1(MKn
Cy
⊗Wn−1,n)→
2n−3⊕
i=1
H1((Wn−1,n)|Cy(−pi))
We have that the vector bundle (on Cy) (Wn−1,n)|Cy is IT(0). This follows from the fact that
both the vector bundles (on A) Wn−1,n(−Cy) and Wn−1,n are IT(0). Moreover, being a quotient
of the globally generated vector bundle Wn−1,n (see the preliminary remarks in §2), (Wn−1,n)|Cy is
globally generated too. Therefore all the H1’s on the right of (5.2) vanish.
Finally, we consider the H1 on the left of (5.2). A standard calculation shows that
h1(Cy,Wn−1,n ⊗K
−1
Cy
⊗ Pα) = h
2(A,Wn−1,n(−2Cy)⊗ Pα) = (n− 2)
2
(where the last equality follows, once again, from (2.2)). Then another similar standard calculation
shows that for p general
h1(Wn−1,n⊗K
−1
Cy
⊗Pα(−p)) = rkWn−1,n−1+h
1(Cy,Wn−1,n⊗K
−1
Cy
⊗Pα) = (n−1)
2−1+(n−2)2
By (5.1), this is a bound for the corank of the map rn(y). Hence, after computing h
0(Wn−1,n⊗K
n
Cy
)
with RR, it follows that
rk (rn(y)) ≥ 2n
3 − 3n2 + 6n− 3
Since, as already shown, the map sn(y) is always injective, its rank is equal to n
2(n−1)2. Summing
up, in dimension 2, we have that for all y ∈ A and n ≥ 3
rk (mn−1,n(0, y)) ≥ rk (rn(y)) + rk (sn(y)) = n
4 − 2n2 + 6n− 3
which is greater than (n2 − 1)2.
Note: in fact one can refine slightly the argument showing that rk (mn−1,n(0, y)) ≥ n
4−2n2+8n−4.
However this should be contrasted with the striking fact that at present there is no example of a
smooth curve of genus 2 with more than 22 torsion points ([18]).
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6. Proof of Theorem C
We prove the second part of Theorem C in dimension > 2. For x ∈ A and n > 1 let us
consider the following divisor
Ex,n :=
∑
η∈A[n]
Θx+η
An immediate consequence of Theorem A is the following
Corollary 6.1. Let x ∈ A. The map
ma,b(x, y) : H
0(A, t∗xWa,a+b)⊗H
0(A, t∗yWb,a+b) −→ H
0(A, t∗xWa,a+b ⊗ t
∗
yWb,a+b)
is singular if and only if y ∈ SuppEx,a+b.
In order to prove Theorem C we see the above map, as all the maps of diagram (4.6), as
the fiberwise maps of maps of locally free sheaves. This is well known and it is done as follows.
Following [14] (see also [15]), given two coherent sheaves F and G, we define their (derived) skew
Pontryagin product
F∗ˆG := d∗(F ⊠ G)
where d : A × A → A is the difference map. We make the simplifying assumption that both the
sheaves F and G are semihomogeneous IT(0) locally free sheaves, (this hypothesis will be always
satisfied in what follows). By [15, Proposition 2.9] the IT(0) condition for F and G implies that also
the vector bundle F ⊗G satisfies IT(0), which in turn implies by base change that Rid∗(F ⊠G) = 0
for i = 0. Hence F∗ˆG is a locally free sheaf (in degree 0) and, by base change,
d∗(F ⊠G) ⊗ k(y) ∼= H
0(A×A, (F ⊠G)|∆y) = H
0(A,F ⊗ t∗yG)
(see (3.2)). Thus the multiplication map of global sections
H0(A,F) ⊗H0(A, t∗yG)→ H
0(A,F ⊗ t∗yG),
is naturally identified to the fiber map at y of the map:
H0(A,F) ⊗H0(A,G) ⊗OA ∼= d23∗(F ⊠OA ⊠ G)→ d23∗((F ⊠OA ⊠ G)|∆12)
∼= F∗ˆG
where d23(x, y, z) = (x, y − z)) and ∆12 = {(x, y, z) | x = y}. (Note that d∗(OA ⊠ G) is trivial and
canonically isomorphic to H0(A,G)⊗OA, as it is most easily seen via the automorphism of A×A,
(x, y) 7→ (x, x − y), sending p2 to d and leaving p1 unchanged. Therefore d23∗(F ⊠ OA ⊠ G) ∼=
H0(A,F) ⊗H0(A,G) ⊗OA.)
More generally, given another IT(0) sheaf on A, say H, the multiplication map of global
sections
H0(A,F) ⊗H0(A,H ⊗ t∗yG)→ H
0(A,F ⊗H⊗ t∗yG)
is naturally identified the fibre at y of the map:
H0(A,F) ⊗ (H∗ˆG) ∼= d23∗(F ⊠H ⊠ G)→ d23∗((F ⊠H ⊠ G)|∆12)
∼= (F ⊗H)∗ˆG.
After these preliminaries, we can proceed with the proof. Diagram (4.6) is identified to the
fiber at y of the commutative diagram of locally free sheaves, with surjective vertical maps,
(6.1)
H0(Wn−1,n)⊗H
0(t∗yOA(nΘ))⊗H
0(t∗zWn−1,n)⊗OA //

H0(Wn−1,n)⊗ (t
∗
yOA(nΘ)∗ˆWn−1,n)

Vn(y)⊗H
0(t∗zWn−1,n)⊗OA
//
(
Wn−1,n ⊗ t
∗
yOA(nΘ)
)
∗ˆWn−1,n
.
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After routine calculations (summarized below), based on well known results of Mukai and
Oprea, one computes
(6.2) c1(Wa,a+b∗ˆWb,a+b) = (a+ b)
2gθ
and
(6.3) c1((Wa,a+b ⊗Wb,a+b)∗ˆWa,a+b) = (a+ b)
g+2ag−1(a+ 2b)g−1θ
In particular, for a = n− 1 and b = 1 one gets
(6.4) c1(Wn−1,n∗ˆOA(nΘ)) = n
2gθ
and
(6.5) c1((Wn−1,n ⊗OA(nΘ))∗ˆWn−1,n) = n
g+2(n− 1)g−1(n + 1)g−1θ
Assume that Θ is irreducible. From Corollary 6.1 and (6.4) it follows that the effective divisor
defined by the vanishing of the determinant of the map
H0(t∗yOA(nΘ))⊗H
0(t∗zWn−1,n)⊗OA → (t
∗
yOA(nΘ))∗ˆWn−1,n
is the divisor Ey,n defined at the beginning of the present section (note that if Θ is irreducible
then Ey,n has no multiple components). Now assume that the rank of mn−1,n(0, y), i.e. dimVn(y),
computes the lower bound of Theorem C, namely (n)2g− ((n)2−1)g. Then the source and target of
the bottom horizontal map of (6.1) have the same rank. The determinant of this map vanishes on
an effective divisor Dy,n, which is invariant under translation by n-torsion points (since the vector
bundles Wn−1,n are so, see e.g. [13, (14)]). Therefore, since the support of Dy,n is contained in
Ey,n, it must be equal to Ey,n. Hence c1(Dy,n) should be a multiple of n
gθ. On the other hand,
(6.5) yields that c1(Dy,n) = n
g+2(n − 1)g−1(n + 1)g−1θ. This is a contradiction as soon as g ≥ 3.
Hence, for g ≥ 3, if the rank of mn−1,n(0, y) attains the minimum then the polarization must be
reducible. By the previous section, the same is true for g = 2. Therefore by the decomposition
theorem for p.p.a.v.’s ([4, Theorem 4.3.1]), the p.p.a.v. A splits as the product of two p.p.a.v.’s.
Then, by an easy induction, it follows that A must be a polarized product of elliptic curves Ei. At
this point also the last assertion of the statement of Theorem C is clear.
Finally we show the computation of (6.2) and (6.3). We use the Fourier-Mukai transform
ΦP : D(Â) → D(A) already invoked in §3 and also the transform in the opposite direction Φ̂P :
D(A) → D(Â), as well as their versions at the level of Chow rings modulo numerical equivalence
Φp : A(Â) → A(A) and Φ̂p : A(A) → A(Â) (see [12, Proposition 1.21]). By GRR they commute
with the Chern character. We use the following facts: (a) ΦP ◦ Φ̂P = (−1)
∗
A[−g]; (b) ch(Wa,b) =
ag exp( b
a
θ) (this follows from (2.2)); (c) Φp(exp
b
a
θ) = ( b
a
)gexp(−a
b
θ) ([13, §3.3]); (d) If G is
symmetric then ΦP(F ⊗G) = ΦP(F )∗ˆΦP(G)[g] and Φ̂P(F∗ˆG) = Φ̂P(F)⊗ Φ̂P (G) (this follows from
[11, (3.7)] using that F∗ˆG ∼= F ∗ (−1)∗G), where ∗ is the Pontryagin product). Therefore
ch(Wa,a+b ∗ˆWb,a+b)
(d)(b)(c)
= (−1)gΦp((a+ b)
g exp(− a
a+bθ)(a+ b)
g exp(− b
a+bθ))
= (ab)g(a+ b)g exp(a+b
ab
θ)
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This proves (6.2). Moreover
ch((Wa,a+b ⊗Wb,a+b)∗ˆWa,a+b)
(a)(b)
= (−1)gΦp(Φ̂p(a
g exp(
a+ b
a
θ)bg exp(
a+ b
b
θ)) · Φ̂p(a
g exp(
a+ b
a
θ))
= (−1)gΦp(Φ̂p((ab)
g exp(
(a+ b)2
ab
θ)) · Φ̂p(a
g exp(
a+ b
a
θ)))
(c)
= (−1)gΦp
((
(ab)g
(a+ b)2g
(ab)g
exp(−
ab
(a+ b)2
θ)
)
·
(
ag
(a+ b)g
(a)g
exp(−
a
a+ b
θ)
))
= Φp((a+ b)
3g exp(−
a(2b+ a)
(a+ b)2
θ)
(c)
= (a+ b)gag(2b+ a)g exp(
(a+ b)2
a(2b + a)
θ),
where in the first equality we used that the vector bundles appearing in the calculation are sym-
metric, so that one can neglect the (−1)∗A in the formula ΦP ◦ Φ̂P = (−1)
∗[−g]. This proves (6.3).
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